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Throughout let S be a finite et of 2. Chabauky.
primeg of (Q or in a number field K 3 /Zg;vobdr'm
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Def: A pair of S-unite (u, v) such that u+ v =lig called 4

e

solution to the S-unit equation.
ExS={23} K=Qthen9-8=140(9, -8)ig a golution to

the {2,3}-unit equation, we can aleo take (-8,9) or (%, 4

Obgervationg: 1) There ie an action of S, on colutiong, generated

by thege eymmetrieg: (u,v) - (vu), (w,v)= (L ).
2) We have v =1-u 2o in terme of u we have g golution if and
only if all of u, | - u, } 7, are £0 (mod p) Vp £S5,
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Solutions to the S-unit equation can be thought of ag
# [s]-pointe of Pr{o4=}, we will uge z = u from now on.
Th_m(rgi&el): For fixed S we have l[p'\zo, 1,00} (2 [-Ji])/ < oo
\,\,X
Thig reault ig not congtructive however!
Quegtiong remain about thig problem:
. Can we bound the get of golutiong in termg of S or (Sl and
[ or deg(K)?
2. Can we (efficiently) determine the et of golutiong given any
S and K?
3. Can we bound the heighte of golutione?
Thege problemg have a long history: Some examples:
. Thm (Evertge):
| PJor, @y (2047)[ <37
Lower bounds due to Konyagin-Soundararajan.
2. Matechke hag a new golver baged on gieving uging height
boundg coming from modularity due to Matachke-von Kanel.
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3. Bugeaud, Gydry, Le Fourn,....

Goal of our work: Not to attack these well studied problems

directly, instead we wigh to tegt gome conjectureg in

applied to ESARD)

2. Chabauty Methods:

Let C/Q be a nice curve of genug g32and fix a prime p of good
reduction for C, and a bage point P€C (Q).
Then we can often determine C(Q) uging Chabauty’e method.

C(@) LB C(Q) ana%# 2 Jgca)
|
J ) — J (&p = L 10)
abc(an g ~dimengion v(Q’)

oot iy D
r

[f r < g then JIQ)AC(®,) should be finite, + the Mordell

conjecture for these curves.

Coleman: defineg an integration theory for curveg over p-adic
field, which ig p-adically valued. Thie makeg the map g and
hence Chabauty’s method explicit, we can find g - r independent




holomorphic differential }¢ uy on (@) quch that the integrale
j Wi gimultaneougly vanigh on C(Q).

Application: Thm: (Hirakauwa-Matsumura, 2019)

There exigte a unique pair of a rational right triangle and a
rational igogceleg triangle with the

equal areag and equal perimeters. s/ | 6] Taoo
Pf: Chabauty on a genug 2 rank | @

Hideki Matsumura

IRV = (—3w® + 2w? — 6w + 4) — 8uS

S-units: Fix a prime p¢S. We can form a gimilar diagram uging
the generalized Jacobian of . Ascume K = Q.
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Bottom left group hag rank 2IS[ and the bottom right ig of
dimengion 2. So 4



“9%=1
Congider the cage of [S[=1, S = {q},ind asaume , (1-=) =C
P¢ g 92 b5 2 |
(e C,ZO),\ a?g, log (1-2)
(logpy . ©)
then the bottom horizontal map hag non-denge image.
Qo the get of z at. ¥, 1-2)=0 lie in the locug where loaa-z) -0

< OL/62 ‘d‘)l" 9,

The zeroeg of log are precigely the roots of unity. Lo, [+~3): 0

E%F: %iad;q@?
[f =2, p=3 then thig giveg: Solutions to the {Q_}-unhf> N
equation for which v,(1-z) = O have I-z a root of log which ie
3-adically near -1, hence I-z = -l and z = 2 ig the only golution.
e %lutions)

What about the complete get of golutiong when (Sl =12

fufz)> O then y,(I-z) = O.

f y,(z) = O then ewapping z and [-z reduces ug to the firet cage.
fu,(z) <O then u(l-z) = y(2) and then (%) = O, u(©)> O <o the
S,-action reduces ug to the previous cage.

In fact, valuationg of (z, [-z) look like:
qu(%)=o



| L 3)=0 Trapialc‘}ah‘on 02{ ﬁ) Vo), vl
9
)4y,

by (1) -5

Generatore of S;-action have-the effect of swapping

W e—V or &ArV) & ";’,l.,

In the tropicalization thig acts via
(9 (7
s

3. Non-abelian Chabauty r <4 W;.

?
+ Minhyong Kim hag introduced an extengion of Chabauty s
method that conjecturally giveg another proof of Mordell’s

conjecture [n many cages.

- Thig method reproves Siegel's theorem but remaing to be fully

understood.
Kim’s idea: Extend the Chabauty diagram to non-linear objects

-

on the gecond row (Selmer schemes).
Before we took the Jacobian which ig an abelianized
tundamental group, by including more non-abelian information we



hope to retain more information.
Let Z/Zc ,be amodel of a hyperbolic curve (eg.P /e ) then
- ¥ denotes the @,-pro-unipotent completion of 7.¢,)
U denotes the quotient by the nth atep of the lower central
serieg (n ig called the depth).
™t a‘ff are defined likewige for the de Rham
fundamental group 7, % (] B

Then we congider fhe local Selmer goheme G L (@/a,)

U (6, )< H'(6G L 2)
Congigting of crystalline claggeg and we have an isomorphigm

H (8, We) = 1.’\0,."'” J@)= L. o))

Similarly we define the global Se[merHZOheme

Sely . = Sele, (2) < H'(&. v
containing fhoge c[aggeg which are crygtalline at p and are
unrarnified at all q#Sv{p}.

Thm (Kim): Thig fite into a commutative diagram (Kim’e cutter)
for each n:

A2 ) —— X(Z,) - onalyhe
a%abmgc ) ds \[ lol'P YR'

(o .1 > C/ A1 s el | ~ p~oy IIdK



g.-m'}e *U/L Jels"‘ /acr ” ”{( A2

In the n = [ cage thig recovers the classical Chabauty diagrame
we eaw before.

Thn (i) [f di Sel, < dirn H (G, U2 then & (Z L5 ie finite
and lieg in X(2(%),= 1p (/oc,z UQG . (%7)) for all n.
Conjecture (Kim): We alwayg have
XZEL4) = (%),
eventually.  11>> O
Motivating question: How deep do we need to go?

4. Refinemente and application to (1 \e.s).
For[P 0,1, %) in depfh 2 we have /
5) (S

52/{5 9 Joc,le !@(57 A x A

U’ ) A~
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\"l'//_'/l/' \,eej . . 7;'[ J I ////.//'

. . . . (-3)
Li (z) ig an iterated Coleman integral: J %’d P

Defined near O by the classical power series £ =
h, ig the mogt mysterioug part of thig diagram. e
Thm (Dan-Cohen, Wewerg):
. h;ig abilinear form
2. The coefficiente of thie form gatiefy

“1.9 *%.¢ = 4’37 l5¢  fo~ L3
We give new proofe of thege facte.
Problem: 2IS[> 2 ag goon ag S| > 1, image of loc, will be denge!
To directly apply thig version of Kim’s cutter we need to go to

n=3 at leagt!
Corwin & Dan-Cohen go to depth <4 and find the function

~U 3 1 RIVES) L‘ll 18 L"Ll 3 3 L'll’() l u L'll
¢"(3) log™(3) Liy — 13 iy(3) — 59 1;(9) ) log" Liz

u\3 T :u
(1“3 ) Lll UL Ta ol (D)
og"(3

cutting out golutiong for the {3}-unit equation.
Alternative approach: Bette-Dogra (arXiv:1909.05734)
introduce refined Selmer achemeg of amaller dimengion, that

take into account local behavior at primes in S.
Thie worke out to be precisely the tropical decomposition we



congidered above: For anyz ¢ [R'fo, 1,003 (2 (52),7¢$
Jy (2), I (r-2) lieg on one of the rayg
U? (2)=0

uy(2)* V7[;:) N4 ¥< %3
ons(z) landg in one of > different refined Selmer gchemeg *
depending on which ray z llay on for each prime in S.

We denote fhege,ag Sel 5//2 for example.

Upshot: ol Sl ., =2 < 2 20 we can apply “refined non-
abelian Chabauty” in depth 2 to bound the golutiong to the

S-unit equation.

Remark: thie method in depth [ i exactly what we did in the first
example of finding {q}-unite with v (1-z) = O.
Thm (BBKLMQSX): Let S =1{/ q} and p£S then up to the

S,-action the golutiong to the S-unit equation lie in
|~
x CZ’D ) 52
Which ig given by QL/';L/L CYE “ L., [i-2)




When we know one golution we can determine .. and then
control all other possible solutione.

Thm (BBKLMQSX): Let S = {I} and p # I be prime, then
(2,
ceutoutby g ()20 Ly 2)=0  (Up to the S.action)

Thm (BBKLMQSX): Let S = {q, I} and let p&S be prime then

(% if;;t}
s cut out by

all7 Li\ (2) - 6'7(, (il ((-&)'
Up to the S, action.

When we know a golution we can go further and find the &, s

Thm (BBKLMQSX): ,Eef q= 2"+ 1 be a Fermat or Mersenne
prime then 1 (Z,),, ) i€ cut out by

L,-Z(( (79) Liy (2) =(, (19) )00
0‘2,41 Dasse- - Jeu.
We also show that working with refined Selmer schemes in depth
2 giveg an eagily checkable condition for extra golutiong, thig




completely regolves the [S[ = | cage.


































































































https://math.berkeley.edu/~dcorwin/files/ChabautytoKim.pdf
https://www.math.bgu.ac.il/~ishaida/
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