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Example (Fibonacci)

apo=0,a1=1and a, = ap_1 + an_o for n > k = 2:

0,1,1,2,3,5,8,13, 21, 34,55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181,
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an, grows exponentially.
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Linear recurrence sequences

Definition (Linear recurrence sequence)
A linear recurrence sequence, is a sequences whose nth term is

the linear combination of the previous k terms (for all n > k)
Example (A periodic sequence)
a=1,a1=0witha, = —a,_1 —an_»

17 07 _17 1) 05 _17 17 07 _17 17 07 _17 17 07 _17 15 07 _17 17 Ov _17 17 0) _17 1)07

a, is periodic now.
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Example (Natural numbers interlaced with zeroes)
ago=1,a1=0,a0 =2,a3 = 0 with a, = 2a,_» — a,_4
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Linear recurrence sequences

Definition (Linear recurrence sequence)
A linear recurrence sequence, is a sequences whose nth term is

the linear combination of the previous k terms (for all n > k)
Example (Natural numbers interlaced with zeroes)
ag=1,a1=0,a=2,a3 =0with a, =2a,_ > — a,_4

1,0,2,0,3,0,4,0,5,0,6,0,7,0,8,0,9,0,10,0,11,0,12,0, 13,0, 14,0, 15, (

not periodic but the zeroes do have a regular repeating pattern.
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The ultimate question

Question
What possible patterns are there for the zeroes of a linear

recurrence sequence?
Observation
A linear recurrence sequence is the Taylor expansion around 0 of a

rational function ,
ar + axx + -+ agx

bl—i—bzX---—l-kak

with by # 0 (so that the expansion makes sense).
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(1—x2)2



Linear recurrence sequences

Example

PRy <+ Fibonacci
— X —X

T2 0 L0-11,0,-1,1,0,-1,1,0,-1,1,0,-1,1,0,-1,1,0,~1,1,0
X X

1
m. +1,0,2,0,3,0,4,0,5,0,6,0,7,0,8,0,9,0,10,0,11,0,12,0, 13, 0, 14

+1,-2,3,-5,10, —20, 35, —50, 50, 0, —175, 625,

— 1625, 3625, —7250, 13125, —21250, 29375, —29375,

0, 106250, —384375, 1006250, —2250000, 4500000,

— 8140625, 13171875, —18203125, 18203125, 0, —65859375, 2
3



Consequences

Observation
The set of all linear recurrence sequences is a vector space! Hard to

tell how the rule changes.



Consequences

Observation
The set of all linear recurrence sequences is a vector space! Hard to

tell how the rule changes.

We can always mess up a finite amount of behaviour. So assume a,
has infinitely many zeroes, what is the structure of the zero set?
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2 4 6
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Linear recurrence sequences

Example

1

2 4 6
Ziij;ai—(l—x+2x +3x*+4x%) + 0,1,0,0,0,0,0,0,5,0,6,0,7,0,8,0.

Interlacing with 0 and shifting correspond to plugging in x? and
multiplying by x respectively in the rational functions

1
Tz 1,2,3,4,5,6,7,8,9,10,11,12, 13,14, 15, 16, 17, 18, 19, 20, 21
— X

. 41,0,2,0,3,0,4.0,5,0,6,0,7,0,8,0,9,0,10,0,11,0,12,0, 13
(1—x2?)?



Linear recurrence sequences

1
AR 1,2,3,4,5,6,7,8,9,10, 11,12, 13,14, 15, 16, 17, 18, 19, 20, 21

1
m < 1,0,2,0,3,0,4,0,5,0,6,0,7,0,8,0,9,0,10,0,11,0, 12,0, 13

1
—— <+ 1,0,0,0,2,0,0,0,3,0,0,0,4,0,0,0,5,0,0,0,6,0,0,0,7,0,0
(1—x*%)?
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1
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— X

1
m A 1)05270737074507570)650777078)059707 10507 11507 12)05 1Lz
1
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Linear recurrence sequences

1
AR 1,2,3,4,5,6,7,8,9,10, 11,12, 13,14, 15, 16, 17, 18, 19, 20, 21

1
m A 1)052707370)4507570)650777078)059707 10507 11507 12)05 1Lz
1
Ty & 1:0:0.0.2.0,0,0,3,0,0,0,4,0,0,0,5,0,0,0,6,0,0,0,7,0,C

ﬁ +0,1,0,0,0,2,0,0,0,3,0,0,0,4,0,0,0,5,0,0,0,6,0,0,0,7,0

1+ 2x
———++1,2,0,0,2,4,0,0,3,6,0,0,4,8,0,0,5,10,0,0,6,12,0,0,7, 1
(1—x%)2



Linear recurrence sequences

1
AR 1,2,3,4,5,6,7,8,9,10, 11,12, 13,14, 15, 16, 17, 18, 19, 20, 21
— X

1
m A 1) 05 27 Ov 37 0)45 07 57 0) 65 07 77 07 8) 05 97 07 105 07 115 07 12) 05 1Lz
1
Ty & 1:0:0.0.2.0,0,0,3,0,0,0,4,0,0,0,5,0,0,0,6,0,0,0,7,0,C

ﬁ +0,1,0,0,0,2,0,0,0,3,0,0,0,4,0,0,0,5,0,0,0,6,0,0,0,7,0

142
(14_232 ©1,2,0,0,2,4,0,0,3,6,0,0,4,8,0,0,5,10,0,0,6,12,0,0,7, 1
— X

Still has periodic zero set, all n congruent to 2,3 modulo 4.
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Expand into partial fractions

m nj

p(x) _ ri
q(x) D (1 —ajxy

i=1 j=1
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Approach

Expand into partial fractions

m
p(x)
7x ZZ 1—04x'

/1]1

do some math:

> (33" )

= =1l

Upshot: there are polynomials A;(n) such that

an = iA;(n)a”
=il

Like that formula for Fibonacci with the golden ratio in.
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Approach

So a, is an analytic function of n which has zeroes for infinitely
many integer values.
Like

sin(mx)!

Ridiculous suggestion
What if the integers were bounded? In that case infinitely many

zeroes == the function is zero!
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Theorem (Ostrowski)

The only absolute values on Q are
the usual one & | - |

defined by |p|p, = % and |q|, =1 for all other primes q # p.

With | - |, the integers are bounded! Are the functions

i Ai(n)af
i=1

p-adic analytic functions of n?

Problem _
The p-adic exponential function has finite radius of convergence.

The fix
Choose p so that |aj|, =1 for all i, then affl =1+ \; with
|Ailp < %. Now (a”~ )" is analytic!

i



Write nasr+ (p— 1) with0<r<p-—1

10



Write nas r + (p — 1)n’ with 0 < r < p — 1, then

m m

an =Y _Ai(n)a] = Ai(r+(p—1)n)a

i=1 =1

=3 Al(r + (p - D)af(alP )"
=

for each fixed r this function of n’ is analytic.

rH(p—1)n
i

/

10



Write nas r + (p — 1)n’ with 0 < r < p — 1, then

an =Y Aimal =" A(r + (p— 1)) PD”
f=il

i=1

=" Ailr + (p— D af(alP )"
i=1

I

for each fixed r this function of n’ is analytic. Infinitely many

zeroes for integer n means Jr with infinitely many zeroes of the
form r + (p — 1)n’. So the function

> A+ (p— D (af V)"
=i

is identically zero, and all these a, = 0 when n=r (mod p —1).

10



Finale

Theorem gSkolem ~» Mabhler ~~ Lech)
All except finitely many indicies of the zeroes of a linear recurrence

lie in a finite union of arithmetric progressions, i.e. they are all of
the form nM + b for some b€ B C {0,...,M — 1}, n€ N.
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